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The Dynamic Collapse of a Column Impacting a Rigid Surface

Jerrold M. Housner* and Norman F. Knight Jr.|
NASA Langley Research Center, Hampton, Virginia

An analytical investigation has been made of the dynamic collapse of an elastic periodically supported column
having an attached mass at one end and impacting a rigid surface at the other end with prescribed velocity and
angle of incidence. The investigation has been carried out using a first-order approximate nonlinear solution and
a nonlinear finite element solution. The first-order approximate solution has led to the determination of four
basic nondimensional parameters which govern the response. These parameters include mass, impact velocity,
initial imperfection, and impact angle parameters. Three regions of these parameters have been identified in
which the character of the column's response is markedly different. These regions have been designated as the
linear, transition, and dynamic collapse regions. Threshold values of the parameters which separate these
regions have been defined. Results obtained reveal that responses in the linear region are dominated by axial
motion, those in the transition region exhibit some axial-flexural coupling, and those in the collapse region are
dominated by flexure. The rebound velocity in the transition and dynamic collapse regions is shown to be less
than that predicted by the linear dynamic solution. The dynamic peak axial compressive load in the transition
region is shown to be the same as that predicted by the linear dynamic solution. In the collapse region, the peak
load decreases to a value less than the linear dynamic value, but greater than the static Euler buckling load.
Moreover, it is shown that whereas the peak axial compressive load predicted by the linear solution grows un-
bounded with increasing values of the mass parameter, an ultimate dynamic load value is approached in the
collapse region.
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Nomenclature
column cross-sectional area
coefficient of restitution, see Eq. (36)
damping matrix, see Eq. (29)
speed of sound in column material* V£7p
elastic modulus
amplitude of initial imperfection, see Eq. (3)
e/r
force vector of Eq.. (30)
amplitude of column flexural motion, see Eq. (2)
///•
column moment of inertia
length of column
column bending moment
mass matrix defined in Eq. (30)
attached mass
column mass, -pAl
nondimensional mass parameter, see Eqs. (27)
number of periodic bays
column axial load
ratio of Pavg toP^
Euler buckling load, EAeE
average axial load
ratio of Pat* = OtoP£
displacement vector defined in Eq. (30)
cross-sectional radius of gyration, ^/7/A
time
kinetic energy
column strain energy
axial displacements parallel to x and x axes,
respectively
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u = nondimensional displacement parallel to x axis as
defined in Eq. (20)

UR = nondimensional rebound displacement
v0 = initial velocity of mass and column in negative x

direction
v = nondimensional impact velocity parameter defined

in Eqs. (27)
w,w •= flexural displacements of column in global and

local coordinates, respectively
wc, wd = convection and deformation components of w,

respectively
x,y = global column coordinates, see Fig. 1
x,y = local column coordinates, see Fig. 1
a = impact angle of column measured coun-

terclockwise from surface normal, see Fig. 1
a = nondimensional impact angle parameter defined in

Eqs. (27)
em = axial strain at neutral axis of the column
eE = Euler buckling strain, see Eq. (21)
p -mass density of column material
T = nondimensional time parameter
Subscripts
0 = evaluated at x=V
1 = evaluated at x = 0

Introduction

THE ability to predict analytically the response of
structural components to impact loading conditions plays

an important role in the design of advanced structural
systems. For example, research has recently focused on
enhanced occupant survivability under specified aircraft crash
conditions.1 Finite element computer codes of various levels
of sophistication have been developed2'6 and are being applied
to study and to predict aircraft response in crash en-
vironments.3'6'10 In addition, full-scale crash tests on general
aviation aircraft are being performed.10'12 Likewise, large
space structures composed of lightweight, flexible, structural
elements may experience transient impact conditions from
docking maneuvers and from foreign objects.

Impact responses can be quite complex, involving short-
time transient and high-frequency components. Moreover,
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impact responses are often nonlinear. Reducing test data and
analytical results to meaningful quantities for design, defining
an adequate finite element model and assessing the accuracy
of computer-generated results for such problems can be both
difficult and tedious tasks. However, the understanding of
similar, but simpler, structures as subelements of the more
complex structure can guide the use of sophisticated com-
puterized structural analyses when applied to the more
complex structure. In addition, studies based on the simpler
structure can aid in the interpretation of measured and
calculated results and lead to the development of scaling laws
for model testing.

A fundamental structural problem having a bearing on the
impact response of structural components is the dynamic
collapse of a column under axial impact. The problem of a
periodically supported column with an attached mass at one
end and impacting a rigid surface with prescribed velocity and
angle of incidence at the other end contains features common
to both aircraft and large space structural components. For
example, in an aircraft, the column may represent a longeron,
the periodic supports may represent the column collapse
restraining mechanism introduced by periodic frames or rings
in the fuselage, and the attached mass may represent the mass
of the aircraft aft of the section which suffers the impact. In a
periodic space truss, the column may represent a truss
member which is to be docked to another structure, the
periodic supports may represent the collapse restraint offered
by other members of the truss which attach to the column at
periodic joints along its length, and the attached mass may
represent the mass of the truss aft of the section which suffers
the impact.

There is a considerable amount of literature on the dynamic
collapse of columns.13'22 Such work generally falls into the
following three categories: 1) prescribed time-varying axial
forces at the ends of the column, 2) prescribed constant axial
velocity at one end of the column with the other end
restrained, and 3) prescribed initial axial velocity of an im-
pacting mass at one end of the column with the other end
restrained. Although none of the references treated periodic
columns with an attached mass, an angle of incidence, or
contact conditions, many of their conclusions are still ap-
plicable inasmuch as all three categories, especially the second
and third, have much in common with the present problem.

Hoff13'14 investigated the effect of a moving head of a
testing machine on the measured collapse of simply supported
columns and his work is representative of a column in the
second category. This problem is also representative of a
column in the third category when the ratio of the attached
mass to column mass becomes very large. Hoff made certain
assumptions on the deformation behavior, neglected axial
inertia and thus axial wave motion, and assumed an initial
half sine wave deformation shape whose magnitude grows
during collapse, but whose shape remains fixed. References
15, 19, and 20 indicate that these assumptions are valid for
columns in the third category except at very high impact
velocities. Hoff established a nondimensional dynamic
similarity parameter which permits a scientific definition of
"high velocity" for this case. This parameter involves the
speed of sound in the column material, the Euler buckling
strain of the column, and the initial impact velocity which in
Hoff's problem is the column end velocity at all times. Using
the results of Refs. 15, 19, and 20 and interpreting the results
therein in terms of Hoff's similarity parameter, one concludes
that Hoff's deformation assumptions should be reasonably
valid for many applications. For example, his assumptions
are valid for studying the crash behavior of aircraft with
conventional aluminum construction, with member buckling
strains greater than 0.001 and impact velocities less than 26
m/s (60 mph) or the impact response of space trusses with a
graphite-epoxy construction, member slenderness ratios less
than 500, and impact velocities less than 0.88 m/s (2 mph). It
is therefore reasonable to extend his formulation to establish a

first-order approximate nonlinear solution to the present
problem.

The purpose of this paper is to present the results of an
analytical investigation on the dynamic collapse of an elastic
periodically supported column. The column has an attached
mass at one end and impacts a rigid surface with prescribed
velocity and angle of incidence at the other end. Column to
rigid-surface contact and rebound are accounted for in the
analysis.

A first-order approximate nonlinear analysis is developed
in which it is assumed that axial wave motion is negligible,
that the deformation shape of the column is a half sine wave
in each periodic bay, and that only first-order nonlinear terms
need be retained. The differential equations of the problem
are derived in a manner which permits the governing basic
nondimensional parameters to be easily assembled. The
equations are then solved numerically by explicit time in-
tegration in order to determine specific ranges of these
parameters for which the response characteristics are
markedly different. To assess modeling sophistication relative
to prediction accuracy, a comparison is made of the results
from this approximate analysis with those of a finite element
computer code based on a convected coordinate formulation.
This code, developed using an approach similar to Refs. 23
and 24, does not place any restriction on the deformation
shape of the column nor on its magnitude, thereby eliminating
the restriction of moderate rotations inherent in all the
previous column references.

Analysis
First-Order Approximate Nonlinear Solution
Assumed Displacement Shapes

Consider an elastic periodically supported column with an
attached mass impacting a rigid surface at an angle a from the
surface normal as shown in Fig. 1. Recognizing that a first-
order approximate nonlinear theory is desired, the axial
deformation for an Euler column is assumed to have the
following form,

(x/t) (u0-Uj)- (1)

where a linear axial displacement is assumed and u and w are
the local column axial and transverse displacements,
respectively, x and y the local column coordinates, £ the
column length, and e an initial column imperfection. The
transverse displacement is assumed to be composed of a
convection and a deformation part as,

where

and

Also,
(2)

(3)

Thus, a sinusoidal shape has been assumed for the transverse
deformation and the initial imperfection as in Refs. 13 and 14,
and TV is the number of periodic bays.

Fig. 1 Geometry and coordinate systems of an elastic periodically
supported column impacting a rigid surface.
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The displacements in the local column coordinates (x, y)
are related to those in the global coordinates (x, y) by

(f-e)cos(Nirx/e)
(4)

(5)

u=

W=-[Uj+(X/t)(U0-U

since due to the periodic supports

Wj = w(£/y) = 0; j=l,2,...,N (6)

Equations of Motion, Contact, and Initial Conditions
The equations of motion, contact, and initial conditions

may be derived from Hamilton's principle

f (dU-dT)dt+ \(mc/e)v0smct{ dwdx -m^^uA =0
JO I JO J O

(7)

where dU and dT are the variations of the strain and kinetic
energies, respectively, ma and mc denote the attached mass
and column mass, respectively, and v0 the initial velocity of
the mass and column in the negative x direction. Assuming a
prismatic column

»£
.)dx (8)= r

«J 0

where Pavg is the average axial column load, M the local
column moment, em the strain at the neutral axis which to
first-order nonlinear terms is

(9)

and it is recognized that the convected transverse motion does
not give rise to strain. Substitution of Eqs. (2), (3), and (5)
into Eq. (9) yields

em = ( u0 - Uj ) ( cosa ) /!+ ]/2 ( NTT/!) 2 (f2 - e2 ) cos2 ( Nvx/Q

Using Eq. (10), the average axial column load Pavg is

The column bending moment M is given by

M=

(10)

(11)

(12)

where r is the cross-sectional radius of gyration. Substitution
of Eqs. (11) and (12) and the variations of Eqs. (5) and (10)
into Eq. (8) yields

dU=Pavgcosot(5u0-du1)

, + (N<jr)2/(2t)(Pavgf+EA(r/t)2(NTr)2(f-e)]df (13)

Using Eq. (5) and neglecting the axial inertia of the column
gives

8T= mc { [ ( Uj 13 + u0/6) sin2a -/(since) / (Mr) ]duj

1/6)sin2a+(-l)Nf(sma)/(NTr)]du0

(14)1/2f]df}+mau0du0

where ( * ) indicates differentiation with respect to time t.
Finally, substituting Eqs. (13) and (14) into Eq. (7), in-
tegrating by parts and noting that the resulting equation must
be valid for all variations yields three equations. Two of these

equations are recognized as the equations of motion derived
from the variations of u0 and/; while the third equation is
recognized as the column to rigid-surface contact condition
derived from the variation of Uj. The resulting equations of
motion are as follows:

Pavgcosa + mc[(ti0/3 + Uj/6) sin2 a

+ ( - l ) N f ( s m a ) / ( N < i r ) ] + mau0 = (15)
and
(Nir)2/(2t)[Pavgf+ (Nir)2(EA) ( r / t ) 2 ( f - e ) ]

(16)
The value of ul and its second derivative in Eqs. (15) and (16)
are provided by the contact condition. It is assumed that the
column and the rigid surface are in contact, provided the
generalized force associated with the ul degree of freedom
tends to put compression in the column. Thus,

; "-[«„. il£;;=0 (17)
where UR is given by the vanishing of Eq. (11), namely

(18)

and since the column cannot pass through the rigid surface,
UR >0. The equations of motion are subject to the following
initial conditions at £ = 0 which may also be derived from
Hamilton's principle,

u0 = Uj = Uj=09 and f=e

f=2v0[l+(mc/ma)(sm3a)/(N<K)[l/3+(-l)N/6]}

+ [l+(mc/ma)(l/3+2/(Nir)2)sm2a] (19)

u0=-v0{l+(mc/ma)(sm2a)[1/2-2/(N>jr)2

-2(-l)N/(NTr)2]}/[l+(mc/ma)(l/3+2/(N<K)2)sin2a]

Nondimensionalization
The first-order approximate nonlinear equations (15-19)

have been nondimensionalized to provide the minimum
number of independent parameters upon which the dynamic
collapse depends. Using the approach of Refs. 13 and 14 with
the addition of angle of incidence and periodicity, the
following nondimensionalization is introduced:

j=0,l, f=f/r (20)

where eE is the column Euler buckling strain

eE=(Nirr/t)2 (21)

and the nondimeasional time T

T = v0t(cosot)/(feE)

is a measure of the number of Euler displacements (kE) which
are traversed at the initial velocity v0. Substitution of Eqs.
(20) into Eqs. (15-19) yields

mv2u'(!t + P+(-l)Nctv2f"=0 (22)

'j' (23)
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with contact condition
ft if P<0
•tin, if P=0 (24)

Linear Solution
When Eqs. (22) and (23) are linearized, one has

and initial conditions at r = 0,

M0 = w7 = w; = ft f=e, f=2a, u'0=-l (26)

where ( ) ' denotes differentiation with respect to r. Also, the
following nondimensional parameters have been defined:

v = V0 (cosa) / [Nirc(eE)3/2 ]

m=(Nir)2eE(ma/mc)cos2a, a = Ve^(tana), e=e/r (27)

In addition,

- e2) (28)

where PE is the static Euler buckling load and c the speed of
sound in the column. In deriving Eqs. (22-26) terms of order
a2 and higher have been neglected. This implies that either a
is small (near normal impact) or eE is small.

The first-order nonlinear equations of motion are coupled
through the inertial and nonlinear terms. In general, the
response depends only on the four nondimensional para-
meters given in Eqs. (27) and the number of column bays.
These parameters are a velocity parameter v, a mass
parameter m, an impact angle parameter a, and an initial
imperfection parameter e. The, solution of the initial value
problem of Eqs. (22-26) can be studied in terms of these
parameters and a comparison of the solution to a more exact
analysis is used to determine the range of parametric values in
which the first-order approximate nonlinear solution is valid.
For a = 0 and 7V= 1 , the first-order approximate nonlinear
equations reduce to Hoff's formulation.13'14

Numerical Solution of Equations of Motion
Equations (22-25) in conjunction with the initial conditions

of Eqs. (26) may be integrated temporally using the following
explicit recursive algorithm,23

(29)

where / refers to the fth time step and AT is an appropriate
nondimensional time increment. Also,

(-l)NOLV2 V2V2
(30)

In Eqs. (30), viscous damping has been incorporated through
the damping matrix C. Furthermore, in solving Eq. (22) the
u" term is treated recursively as a predictor-type term on the
right side of the equation. This term vanishes when a. is zero
or when the column is in contact with the surface. Otherwise,

V2 v2f" + 1/2f+ (-!)Notv2uZ= el 2 + O.V2 ur;

and the equations are coupled only through the inertial terms.
If in addition a = 0, the equations uncouple giving

with

and

v2f"+f=e

- _ f ft if P<0
Ul~luR, if P=0

(32)

(33)

As a consequence of the initial conditions of Eqs. (26), f=e
and Eq. (33) reduces to the well-known uniaxial solution

if P<0
if P=0 (34)

Equation (34) may be referred to as the linear dynamic
precollapse solution in the same manner that the linear static
solution for the straight column is referred to as the linear
prebuckling solution. As in the static collapse problem, the
deviation of the nonlinear solution from the linear one can be
used to help determine the onset of dynamic collapse. The
linear solution is displayed in Fig. 2 and constitutes the
response when e and a are zero or the flexural response/is
small. It is composed of a deformation and restitution phase
of equal duration, namely,

(35)

The linear solution predicts that the column axial load may
exceed the Euler buckling load since P may be considerably
greater than one. For the linear solution,

P= if u0<0
if u0>0

In addition, it may be shown that Eqs. (34) and (35) are ac-
curate when o; is nonzero provided its square is much smaller
than m.

Finite Element Solution
A nonlinear finite analysis has also been performed to study

the column impact problem. Results were generated using a
computer code whose development followed Belytschko's
convected transient analysis procedure.23'24 Because of the
nature of the procedure, no artificial strains are introduced
due to rigid-body rotation of an element. Consequently, the
procedure can allow unlimited rotations.

AVERAGE
AXIAL LOAD
EULER LOAD 0

DEFORMATION
PHASE

VELOCITY
RESTITUTION PHASE

AXIAL LOAD

-3
Fig. 2 Linear impact response of a column.

MASS
VELOCITY
INITIAL

MASS
VELOCITY
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-.002
.1 .2 .3

TIME, m sec
Fig. 3 Comparison of test and analysis for axial impact of a mass on
a clamped column.

Belytschko has validated the procedure on many bench-
mark cases.23'24 Those cases which involved impact response
were used to validate the computer code developed for this
study. In addition, the results of the code compare very well
with the experimental response of a clamped column axially
loaded at one end by an impinging mass.22 Comparison
between the finite element results and test data for the column
midpoint axial strain is shown in Fig. 3 for the time duration
in which the mass and column are in contact. With the ex-
ception of the clamped boundary conditions, the experiment
and the present problem are very similar during the time the
mass and column end are in contact and this is reflected in the
good agreement shown.

Coefficient of Restitution
As already mentioned, the linear solution consists of one

cycle of motion composed of a deformation and restitution
phase of equal duration. However, for the nonlinear solution,
this will not generally be true. Instead, the impact response
will consist of many cycles of motion, each composed of a
deformation phase followed by a restitution phase of unequal
duration. Several such cycles may occur while the end of the
column is in contact or near the rigid surface so that a
sequence of several impacts and rebounds is possible.
However, the first cycle is usually of primary significance to
the nature of the response. Since the column is assumed to be
purely elastic with no external energy dissipation mechanisms,
the column must eventually leave the surface permanently and
thus a complete or permanent collapse is not possible.
However, insight into the complete collapse is gained from the
elastic response by examining the coefficient of restitution
CR.

For the purpose of this paper the primary coefficient of
restitution is expressed as the ratio of the velocity of the at-
tached mass when the end of the column loses contact with the
rigid surface to the initial impact velocity of the attached
mass. Thus, for the first cycle

where P7 is the ratio of the column axial load at the surface
(x=0) to the Euler load. That is,

It is recognized that the definition of CR used herein is not the
usual definition where the velocity at the end of the restitution
phase is used rather than the velocity when contact is lost. The
two values are not necessarily the same.

The coefficient of restitution takes on values between zero
and one. When CR is unity or zero, the impact is often
designated "elastic" or "plastic," respectively. The
designations are somewhat misleading since CR can go to zero
even for the completely elastic system. Nevertheless, the
designations rightfully indicate that as CR goes to zero the
column approaches a collapse condition which would
probably occur were plasticity present. In addition, the

coefficient provides insight into the column's deformation
mode. This may be seen by a consideration of the energies
involved in the response.

Energy Considerations
At the time of initial impact, the total energy is all kinetic

energy Tr After impact, some of this kinetic energy may
remain with the mass Tm or some may go into extensional
strain energy (or axial wave energy which is neglected here),
flexural strain energy Uf, or flexural kinetic energy Tf. In
particular at rebound, the extensional stored energy is zero
inasmuch as P is zero. Thus one has

+ Tf+Uf=T, (37)

Depending on the values of the governing parameters [Eqs.
(27)], the column may rebound and leave the surface without
its deformation going beyond the linear precollapse state.
Such a case is shown in Fig. 2 where the rebound velocity of
the attached mass equals the initial impact velocity, both the
kinetic and strain energies due to flexure vanish at rebound,
and the primary coefficient of restitution CR has a value of
one. However, if the parameters are such that the column
stays in contact with the rigid surface past the linear
precollapse state, then at rebound the maximum energy in
flexural deformation and motion occurs when the kinetic
energy of the attached mass vanishes. For this case, CR also
vanishes, implying that all of the energy of impact has gone
into column flexure. If the structure had sufficient plasticity,
the flexural energy would be dissipated in plastic work and no
energy would be available for rebound. Thus, values of the

——— LINEAR SOLUTION
——— FIRST-ORDER NONLINEAR SOLUTION
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Fig. 4 Column response in the transition region where
v= 1.0, £=0.01, and a = 0.0.
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Fig. 5 Column response in the transition region where m = 6.0,
v = 1.0, e = 0.01, and a = 0.0.
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LINEAR SOLUTION
• FIRST-ORDER NONLINEAR SOLUTION
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Fig. 6 Column response in the transition region where m = 8.0,
v = 1.0, £=0.01, and a = 0.0.
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Fig. 7 Column response in the transition region where m = 10.1,
v = l.o, <? = 0.01, and a = 0.0.
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Fig. 8 Sensitivity of the primary coefficient of restitution to the mass
parameter when a = 0.0 and e = 0.01.

governing parameters which make CR vanish are of prime
importance to the collapse.

Discussion of Results
General Remarks

Numerical results are presented to indicate the effect of the
nondimensional parameters on the impact response of an
elastic periodically supported column. Parametric studies
were performed for single-bay columns since, for a zero value
of the impact angle parameter, the governing nondimensional
equations (22-26) are independent of the number of periodic
bays.

The effect of initial imperfections is well documented by
Hoff13'14 for a similar problem wherein a = 0 and m is in-

COEFFICIENT 1
OF RESTITUTION,

CR
.5

———— FINITE ELEMENT SOLUTION

LINEAR SOLUTION

0 1 2 3 4 5_ 6
VELOCITY PARAMETER. V

Fig. 9 Sensitivity of the primary coefficient of restitution to the mass
parameter when a = 0.05 and e = 0.01.

finite; thus, the scope of this paper is limited to a small initial
imperfection e (either 0 or 0.01).

Effect of Mass and Impact Velocity Parameters
The transient response of a column for various values of m

and a fixed set of v, a, and e is illustrated in Figs. 4-7. Each
figure depicts the variation with T of the displacement and
velocity of the attached mass, the flexural displacement of the
column, and the average axial load of the column. The solid
curves are derived from the first-order approximate nonlinear
solution [Eqs. (22-26)], while the dashed curves are derived
from the linear solution [Eqs. (32-34)].

Each of Figs. 4-7 and others similar to these may be used to
determine a value of the primary coefficient of restitution CR
as defined in Eq. (36). When this is accomplished for various
values of m and v, curves such as those shown in Figs. -8
(a = 0) and 9 (a = 0.05) result. As discussed previously, the
value of CR is a measure of the deviation of the nonlinear
solution from the linear solution. For a value of CR near one,
the nonlinear effects due to flexure are negligible. As the value
of CR decreases to zero, the nonlinear effects become in-
creasingly more dominant until CR vanishes and all motion of
the column becomes flexural motion. As such, two critical
values of CR are defined as follows: a value near the linearly
predicted value of one (say, 0.98) and another when CR
vanishes. Figures 8 and 9 indicate the existence of these two
critical values of CR. Curves representing combinations of m
and v which bring about these critical conditions are collected
and displayed as interaction curves in Figs. 10 and 11. These
interaction curves are not lines of constant momentum since
they do not plot as straight lines with slope of negative one on
log-log scales.

The interaction curves define three regions of the non-
dimensional parameters in which the response takes on
distinctive characteristics. These regions are designated as
linear, transition, and dynamic collapse. The reasoning
behind the choice of these names becomes evident with further
discussion. The interaction curve separating the linear and
transition regions is shown hatched inasmuch as the condition
of CR =0.98 which defines the curve was arbitrarily chosen.
In any case, CR is within 2% of unity in the linear region,
varies between 0.98 and 0 in the transition region, and
vanishes in the collapse region.

Also shown in each of Figs. 10 and 11 is a dashed line
derived from the linear dynamic solution. For values of m and
v lying on the line, the peak axial compressive load equals the
static Euler buckling load. Thus, for values of v and m lying
below or above this line, the peak axial compressive load will
be less than or greater than the Euler load, respectively.

The interaction curves of Figs. 10 and 11 indicate that as m
goes to infinity and v goes to zero, the static buckling con-
dition is approached. This situation is similar to a column in a
displacement-controlled testing machine where the loading
head moves at a constant slow velocity.13>14 In addition, as the
static buckling condition is approached, the interaction curves
approach the dashed line which represents the static Euler
buckling condition and the transition region shrinks to zero.
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Fig. 10 Interaction curves and response regions for a column with an
initial imperfection (£ = 0.01) under a normal impact (a = 0.0).
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Fig. 11 Interaction curves and response regions for a column with an
initial imperfection (e=0.01) under a non-normal impact (a = 0.05).
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Fig. 12 Sensitivity of the primary coefficient of restitution to the
impact angle parameter when m = 10.0 and e = 0.0.

Effect of Impact Angle Parameter
The impact angle parameter a plays a significant role in

determining the column response by initiating column flexure
in much the same manner as the initial imperfection
parameter e does for the case of a normal impact. When both
e and a. are zero, only the linear solution (i.e., CR = 1) is
possible. Thus, to achieve flexure in the response, either a or e
must be nonzero. When a = 0, the response has been shown13

to be sensitive to e and Fig. 12 indicates that the response is
also very sensitive to a even for very small values of a.

Variation of CR with v up to the collapse region for values
of a. ranging from 0 to 0.05 is shown in Fig. 12 for a fixed set
of m and e (e.g., the value of a. equal to 0.05 can correspond
to a column with Euler buckling strain of 0.005 and an impact
angle of approximately 35 deg from the normal). As a in-

1 ,-DEFORMATION
^ PHASE

AVERAGE
AXIAL LOAD
EULER_LOAD ^

P

RESTITUTION PHASE
FIRST-ORDER APPROXIMATE
& FINITE ELEMENT SOLUTIONS

REBOUND
^ A A /

FIRST-ORDER SOLUTION

FINITE ELEMENT SOLUTION

1

•5 MASS
0 VELOCITY

IMPACT
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Fig. 13 Comparison of typical first-order approximate and finite
element nonlinear responses in the transition region (m = 6.0, tf = 1.0,
e = 0.01, and a = 0.0).

creases, the impact response becomes less sensitive to a for a
given value of v. However, this does not mean that the impact
response becomes less sensitive to the impact angle a as a
increases since the definition of v depends on cosce and a.
depends on tana. Rather, it means, for example, that if the
solution for a = 0.05 is known, the solution for values of a
greater than 0.05 can be approximated by simply using the
nondimensional parameter definitions of Eqs. (27).

A comparison of Fig. 12 for the case of a. - 0.05, e = 0, and
w= 10 with Fig. 9 for the case of a = 0.05, € = 0.01, and
m- 10 indicates that e has little effect on the response when
a. = 0.05. Thus, as the impact angle parameter is increased, the
effect of the initial imperfection parameter becomes relatively
unimportant. Furthermore, in the presence of a nonzero a,
the size of the linear region is reduced for low values of m,
i.e., axial-flexural coupling occurs at lower values of v and m
as a increases.

Linear and Transition Regions

Attributes
The values of the nondimensional parameters used for the

normal impact transient responses shown in Figs. 4-7
correspond to the transition region of Fig. 10. The response in
the transition region deviates significantly from the linear
solution in certain respects. Comparison with the linear
solution indicates that for the parameter values shown in Figs.
4-7, the duration of the restitution phase prior to the primary
rebound and the rebound velocity are reduced from that
predicted by the linear solution. Conversely, the duration of
the deformation phase is nearly equal to that predicted by the
linear solution.

The most important attribute of the linear and transition
regions is that, for parameters lying in these regions, both the
linear and nonlinear solutions predict the same peak axial
compressive load. The peak load exceeds the static Euler
buckling load PE for values of v and m lying above the dashed
line of Fig. 10 on which P equals PE. For normal impacts,
Fig. 10 shows that this line lies entirely in the linear region.
Therefore, peak axial compressive loads in the transition and
collapse regions will be greater than PE.

Previous researchers18'22 have emphasized that the dynamic
load may exceed the static by referring to this situation as a
"supercritical" condition or a "dynamic load factor."
However, this is purely a linear dynamic effect and is
unrelated to collapse or nonlinear response.

Though not shown, transient responses for non-normal
impact (a. nonzero) indicate similar attributes for the linear
and transition regions. However, the static Euler buckling line
may lie in the transition region as shown in Fig. 11. Thus the
peak axial compressive load may be less than the Euler load in
the transition region.

As discussed earlier, the column response may consist of
one or more rebounds. The first rebound is referred to as the
"primary" rebound. In Figs. 4 and 5, the column separates
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from the surface permanently after one rebound, while in
Figs. 6 and 7 two and three rebounds, respectively, occur
before permanent separation. Each rebound is associated with
a velocity plateau in the c portion of each figure and the
termination of an axial compression half-wave in the d
portion. Considerable flexural vibration is excited by the
impact and continues after separation. The flexural energy
accounts for most of the difference between the initial impact
and final rebound kinetic energies.

Validity of First- Order Approximate Nonlinear Solution
For comparison, Figs. 8 and 9 contain predictions of CR

based upon the first-order approximate and finite element
solutions. Agreement is very good; however, the first-order
approximate solution may lose its validity when predicting CR
at high values of v or m. In general, the first-order ap-
proximate solution is valid in the linear and transition regions
provided neither v nor m are very large.

In Fig. 13, the first-order approximate and finite element
nonlinear responses are compared in the transition region.
Agreement is excellent with the exception of the axial wave
motion which dominates the P response after rebound for the
finite element solution. The effects of axial inertia were in-
cluded in the finite element solution but neglected in the first-
order approximate solution.

Collapse Region

Attributes
The most important characteristic of the collapse region is

the reduction of the peak axial compressive load from the
linearly predicted value. Thus, the situation is analogous to
the static case wherein the linearly predicted infinite load is
never reached due to the presence of geometric nonlinearities
which give rise to buckling. The peak load is directly related to
the deceleration of the mass [via Eq. (22)] and is therefore of
primary importance to the impact problem.

In Fig. 14, the variation with m of the nondimensional
average peak axial compressive load prior to rebound is
shown for different values of v. Solid lines denote the
response in the linear region, dotted lines denote the transition
region, and dashed lines denote the collapse region.
Predictions based upon the linear solutions, first-order ap-
proximate nonlinear solutions, and finite element nonlinear
solutions are given. For low values of v, the nonlinear
solutions are in excellent agreement with each other, but for
high values of v they tend to deviate. For y=10, the first-
order approximate solution is as much as 15% higher than the
finite element prediction. This difference is attributed to axial
inertia effects which are neglected in the first-order ap-
proximate solution. Nevertheless, both nonlinear solutions
predict a reduction in the peak axial eompressive load from
the linear peak value. As m increases, the nonlinear solutions
approach ultimate load values, whereas the linear dynamic
solution continues to grow without bound. Since the peak
value of P is greater than one, the ultimate dynamic collapse
load is greater than the static Euler buckling load. No sub-
stantial reduction from the linearly predicted peak load occurs
unless m and v lie in the collapse region.

The criterion often used in statics problems for the collapse
of columns is buckling. At buckling, the column carries its
maximum load and deviates from the infinite static linear
solution. Extending this observation to the dynamic case, Fig.
14 indicates that the deviation of the peak axial compressive
load from that of the linear solution occurs approximately
when the collapse region is entered (i.e., m and v are such that
CR is zero). Then a reduction from the linearly predicted peak
load occurs. Of course, in the dynamic case the solution is not
only a function of the column geometry, but in addition
depends upon the mass and velocity parameters. As a con-
sequence, when the collapse region is just entered, the
reduction from the linear to the nonlinear solution is a
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Fig. 14 Variation of the peak axial compressive load with.the mass
parameter for high and low impact velocities when 0 = 0.01 and
a = 0.0.
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Fig. 15 Comparison of typical first-order approximate and finite
element nonlinear responses in the collapse regon (m = 14.0, i;=1.0,
£? = 0.01, and d = 0.0).

gradual process and not as dramatic as in the static case. This
reduction or nonlinear knockdown from the linear dynamic
value increases with increasing values of m and v. Thus in
designing columns for axial impact, the nonlinear knockdown
from the linear dynamic peak load should be considered
rather than the load factor for magnifying the static Euler
buckling load. The designation of the third region as
"collapse" is thereby a reasonable extension of the static
buckling criterion. This dynamic collapse criterion based on
CR vanishing is similar to one used previously22 where an
abrupt change in the peak axial strain with increasing velocity
was employed.

Validity of First- Order Approximate Nonlinear Solution
In Fig. 15, the first-order approximate and finite element

nonlinear responses are compared in the collapse region. Both
analyses predict the duration of the deformation phase to be
about 8.3, which is considerably longer than the linearly
predicted value from Eq. (35) of 6.1. In addition, both
analyses reveal a sequence of small rebounds. These are
characterized by the plateaus in the u'0 curve and by the
associated vanishing of P for the first-order approximate
solution or the relatively small oscillations of P about zero for
the finite element solution. Since the values of m and v lie in
the collapse region, the primary coefficient of restitution
associated with the first plateau in u'0 is negative and has no
physical meaning inasmuch as the mass is still moving toward
the surface.

Because the system is elastic, the column eventually leaves
the surface permanently, but the duration of contact with the
surface is about 18.0, while the linear value from Eq. (35) is
12.2. As the values of m and v lie further into the collapse
region, the deformation and restitution phases will continue
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to increase. Consequently, it is anticipated that for parametric
values lying in this region, the column will suffer a complete
collapse if plasticity is included.

Conclusions
An analytical investigation of the dynamic collapse of an

elastic periodically supported column having an attached
mass at one end and impacting a rigid surface with prescribed
velocity and angle of incidence at the other end has been
performed. The investigation has been carried out using a
first-order approximate nonlinear solution and a nonlinear
finite element solution. The first-order approximate nonlinear
solution has led to the determination of four basic non-
dimensional parameters which govern the response. These
.parameters include mass, impact velocity, initial im-
perfection, and impact angle parameters. Three regions of
these parameters have been identified in which the response
character is vastly different. These regions have been
designated as linear, transition, and collapse. Threshold
values of the parameters which separate these regions have
been defined.

For parameters lying in the linear region, the response is
dominated by axial motion and the rebound velocity is equal
to the impact velocity. In the transition region, some axial-
flexural coupling occurs which results in a reduction of the
rebound velocity from the linearly predicted value. However,
the duration of the deformation phase of the impact response
as well as the peak axial eompressive load are nearly the same
as those predicted by the linear dynamic solution. For normal
impact, the peak axial eompressive load exceeds the static
Euler buckling load for parameters lying in the transition or
collapse regions. For non-normal impact, axial-flexural
coupling occurs for parameters lying in the transition region,
but the peak axial eompressive load may be less than the static
Euler buckling load.

For parameters lying the collapse region, the response is
flexure dominated. As a consequence, the rebound velocity is
reduced from that of the linear region, and the duration of the
deformation phase becomes considerably longer than that of
the other two regions. Most importantly, in the collapse
region, the peak axial eompressive load carried by the column
is reduced considerably from that predicted by the linear
dynamic solution, but exceeds the static Euler buckling
solution. As the mass parameter is increased in the collapse
region, the peak axial eompressive load quickly approaches an
ultimate dynamic value whereas the linear solution predicts an
unbounded eompressive load.

Comparison of the first-order approximate nonlinear
solution and the finite element nonlinear solution indicates
that, provided the values of mass and velocity parameters are
not too high, the first-order approximate solution provides
excellent results in the linear and transition regions and very
good results in the collapse region.
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